We propose a relation for the work of critical cluster formation in nucleation theory W for the systems with long-range interparticle interactions. The method of bridge functions is used to combine the system behavior at sufficiently small quenches, adequately predicted by the classical nucleation theory, with nonclassical effects at deep quenches in the vicinity of the thermodynamic spinodal, described within the framework of the field theoretical approach with an appropriate Ginzburg-Landau functional. The crossover between the two types of nucleation behavior takes place in the vicinity of the kinetic spinodal where the lifetime of a metastable state is of the order of the relaxation time to local equilibrium. We argue that the kinetic spinodal corresponds to the minimum of the excess number of molecules in the critical cluster. This conjecture leads to the form of W containing no adjustable parameters. The barrier scaling function ⌫ϭW/W cl , where W cl is the classical nucleation barrier, depends parametrically on temperature through the dimensionless combination of material properties. The results for argon nucleation are presented.
I. INTRODUCTION
Scaling relations play an important role in nucleation theory increasing our ability to describe nucleation phenomena in complex substances for which microscopic description becomes intractable in view of the lack of knowledge of intermolecular interactions. A number of such approaches appeared in recent years. 1 The main quantity of interest in these models is a barrier scaling function-the ratio of the nucleation barrier W to its value W cl predicted by the classical nucleation theory ͑CNT͒ ⌫ϭ W W cl .
͑1͒
The most recent model proposed by Kashchiev 2 predicts ⌫ to be a universal function of the quench depth, independent of either the material properties or temperature. This attractive feature of the theory of Kashchiev 2 is, however, overshadowed by a number of controversial statements used in its formulation as discussed recently in Ref. 3 .
The CNT assumes that the system is in a metastable state ͑e.g., supersaturated vapor for the case of gas-liquid transition͒ and its thermodynamics can be described by quasiequilibrium theory. This assumption leads to the capillarity approximation which presents the free energy barrier for a cluster formation as a sum of bulk and surface terms. The latter is a cost to form a droplet surface characterized by a plain layer surface tension ␥ ϱ which is independent of the quench depth ͑supersaturation͒. A cluster ͑droplet͒ is assumed to be a compact spherical object. It is established that the nucleation behavior at low supersaturations is well described by the CNT.
At deep quenches the system becomes unstable; in the theory of phase transitions the boundary between metastable and unstable region is given by a thermodynamic spinodal being a locus of points corresponding to a divergent compressibility. Rigorously speaking the transition from metastable to unstable states does not reduce to a sharp line but rather represents a region of a certain width which depends on the range of interparticle interactions. 4 Nucleation in this region cannot be described by the CNT and a more general formalism is needed. A field theoretical approach to nucleation pioneered by Cahn and Hilliard 5 and developed by Langer 6 is based on the Ginzburg-Landau theory of phase transitions. Langer showed that if interparticle interactions are short-range the nucleating droplet has still a compact form and can be characterized by a sharp interface in agreement with the CNT predictions.
Langer's model, however, cannot be applied to systems with long-range interactions. In this case one can describe the system behavior in the framework of a mean-field approach leading to an existence of a well-defined ͑mean-field͒ spinodal. Mean-field theory becomes asymptotically accurate in the limit of infinite-range interactions and hence a spinodal exists in the same limit. Therefore, for systems with a sufficiently long-range interaction potential the concept of a spinodal can be applicable. Note in this respect that a spinodal is unambiguously determined for van der Waals fluids. At the spinodal the surface tension vanishes which means that capillary forces can no longer sustain the compact form of a droplet. Indeed, Klein and co-workers 7, 8 showed that clusters in the vicinity of a spinodal are ramified fractal objects.
When fluctuations are taken into account the kinetic considerations show that the lifetime of a metastable state de-creases becoming of the order of the relaxation time of the system to local equilibrium before the thermodynamic spinodal is reached. This situation corresponds to a kinetic spinodal 9 which is a physical crossover between metastable and unstable states. Beyond the kinetic spinodal the concept of quasiequilibrium, lying in the heart of the CNT, becomes inapplicable.
In the present paper we discuss nucleation in the systems with long-range interaction potentials focusing on the gasliquid transition. We use the method of bridge functions together with plausible physical arguments to combine the CNT behavior at low supersaturations with nonclassical spinodal effects at high supersaturations. We argue that the kinetic spinodal corresponds to the minimum of the excess number of molecules in the critical cluster over that present in the mother phase. This conjecture leads to the nucleation barrier W which is the simplest smooth interpolation between the two regimes. At the same time W and ⌫ parametrically depend on temperature through the material parameters, such as saturation pressure, plain interface surface tension, equilibrium liquid density, and the vapor pressure at the mean-field spinodal.
The paper is organized as follows. In Sec. II we briefly discuss the CNT result for the nucleation barrier using the Gibbs approach to thermodynamics of curved surfaces. In Sec. III A we summarize the field-theoretical description of nucleation near the mean-field thermodynamic spinodal using the Ginzburg-Landau free energy functional and determine the scaling laws for the size and amount of particles in the critical cluster in this domain. Section III B is devoted to the role of fluctuations in the nucleation phenomenon which lead to a concept of a kinetic spinodal. Using the method of bridge functions, the condition of kinetic spinodal and formulating an ansatz for the crossover between the CNTdominated regime and the spinodal-dominated regime, we construct in Sec. IV the nucleation barrier and the barrier scaling function for the entire range of supersaturations. In Sec. V we apply our theory to argon for which the thermodynamic spinodal is obtained from the van der Waals equation of state. Appendix presents calculations of the supersaturated vapor density and the thermodynamic spinodal for van der Waals fluids.
II. GIBBS THERMODYNAMICS OF CURVED SURFACES AND CLASSICAL NUCLEATION THEORY
In this section we briefly discuss the CNT prediction for the free energy barrier paying attention to the underlying assumptions. Consider a system ''dropletϩvapor'' put in contact with a reservoir at a temperature TϽT c (T c is the critical temperature͒ and pressure p v which exceeds the coexistence ͑saturation͒ pressure p sat (T). The system thus finds itself in a metastable state; the degree of metastability is conventionally described by the supersaturation ratio:
If S is not high the lifetime of the metastable state is much larger than the relaxation time of the system to its local equilibrium and one can use quasiequilibrium theory considering a droplet to be in equilibrium with the surrounding supersaturated vapor and applying the Gibbs equilibrium thermodynamics of curved surfaces 10, 11 
The nucleation barrier is the leading order contribution to the nucleation rate J which is the number of critical clusters formed per unit volume per unit time:
Here k B is the Boltzmann constant and K is the kinetic prefactor. In the CNT kinetics of cluster formation is described by a set of elementary processes which change the size of a cluster by attachment to its surface or loss from its surface of one molecule. The kinetic prefactor can be well approximated by
where m 1 is the mass of a molecule. Assuming that the liquid is incompressible and the vapor is ideal ͑which is a reasonable assumption not too close to T c ) we write down the Kelvin equation 13 relating ⌬p to S,
where eq l (T) is the equilibrium liquid number density. At the spinodal the supersaturation reaches its maximum S sp corresponding to the maximum of ⌬p:
Introducing another useful measure of metastability ϭ⌬p/⌬p sp ϭln S/ln S sp , 0рр1
we present ͑3͒ as
A general result in nucleation theory which holds for all cluster sizes down to atomic scale ͑where the capillarity approximation fails͒ and which is independent of a particular model is known as the nucleation theorem. 14, 15 It states that the excess number of molecules in the critical cluster over that present in the mother phase ⌬n * is related to the nucleation barrier via,
Using the standard thermodynamic relationships this expression can be rewritten as
͑7͒
Applying the nucleation theorem to the CNT we have,
which in combination with the Laplace equation yields the scaling relation for the critical cluster,
showing ͑in agreement with the assumptions made͒ that the critical cluster in the CNT is a compact spherical object.
It is tempting to apply the CNT to the entire domain 0 рр1. By doing so one would find that as spinodal is approached,
On the other hand the field theoretical arguments, presented in the following section, supported by the density functional calculations, 17 show that as the system approaches the meanfield spinodal the nucleation barrier vanishes, while ⌬n * diverges. Moreover, the nucleating cluster at the same limit is not a compact object but a fractal, correspondingly a dividing surface cannot be characterized by a single parameter (R). These results, however, are not in contradiction with the classical theory since the latter is simply not designed to be applicable in the spinodal region where its basic assumption-the concept of quasiequilibrium-becomes meaningless. Note in this respect that the statement used by some authors ͑see Ref. 2͒ , that the CNT is thermodynamically inconsistent because it predicts a finite value of W at the spinodal, is irrelevant.
III. NONCLASSICAL NUCLEATION

A. Nucleation in the vicinity of the thermodynamic spinodal
To analyze the nucleation behavior in the vicinity of the thermodynamic spinodal we apply field theoretical considerations following Refs. 5, 6 and 8. We start with Landau expansion 18 for the free energy density in powers of the order parameter m.
where
h is the external field conjugate to m. For the gas-liquid transition mϭϪ c ͑where c is the critical density͒ and h ϭ⌬; at the spinodal hϭh sp , while at the binodal hϭ0.
Below T c , aϽ0 and the free energy density has a doublewell structure with the local minimum at mϭm * corresponding to the given metastable state and the global minimum at mϭm glob corresponding to the thermodynamically stable liquid state to which the system evolves ͑see Fig. 1͒ 
͑12͒
The term linear in vanishes since mϭm * is a local minimum of g. At the spinodal
Let us study the system behavior near the mean-field spinodal ͑i.e. when h is close to h sp ) using an appropriate Ginzburg-Landau free energy functional which describes the 
where F * is the free energy of the metastable state m ϭm * , out of which nucleation starts. The square-gradient term is an energy cost to create an interface between the phases; c 0 Ͼ0 is related to the correlation length in the system. 22 Following Ref. 8 we associate the critical cluster with the saddle point of the free energy functional ͑13͒. If the saddle point ͑r͒ is found, its substitution into F yields the nucleation barrier
To analyze this expression we proceed by performing a set of scaling transformation of the variables. Rescaling the order parameter 1 ϭ(b 3 /c 0 )
and denoting
͑15͒
we rewrite ͑14͒ as
The next transformation rescales the spatial coordinates r 1 ϭ(b 3 /c 0 )
where ٌ 1 ϭ ‫‪r‬ץ/ץ‬ 1 . And finally, further rescaling is useful,
with the help of which W takes the form,
where ٌ ϭ ‫.)‪r‬ץ/ץ(‬ The saddle point of the functional is given by the Euler-Lagrange equation:
The critical cluster is the nontrivial solution of Eq. ͑18͒ vanishing at infinity. The existence of such solutions was proved for sufficiently large bounded domains. 23 Without presenting the full form of the solution it is instructive to study its behavior at large r, i.e., far from the center of mass of the cluster. In this domain the amplitude of the droplet is small and we can neglect the second term in Eq. ͑18͒ which leads to the equation .
͑21͒
Substituting Eq. ͑21͒ into Eqs. ͑20͒ and ͑19͒ we find that in the vicinity of the thermodynamic spinodal the nucleation barrier vanishes as
while the radial extent of the critical cluster diverges as
The excess number of molecules in the critical cluster in the spinodal region is found from the nucleation theorem ͑7͒: ⌬n * 
scales near the thermodynamic spinodal as
which implies using the nucleation theorem that ⌬n * ,K at the spinodal is finite 
B. Role of fluctuations: Kinetic spinodal
The condition b 2 ϭ0 describes the mean-field thermodynamic spinodal in the absence of fluctuations. However, their role in nucleation phenomena is important. One is facing the question: how deep the quench can be so that the concept of quasiequilibrium invoked in CNT can be considered still valid? To find an answer it is necessary to compare two characteristic times: ͑i͒ the time t M necessary to form a critical cluster which is a lifetime of the metastable state and ͑ii͒ the relaxation time t R during which the system settles in this state. The first quantity can be related to the nucleation rate by using its definition: t M ϭ1/(JV). To find t R one must study the dynamics of the metastable state. Since the order parameter ͑r͒ in the Ginzburg-Landau functional ͑13͒ is a conserved variable, its evolution is governed by the CahnHilliard dissipative dynamics:
where ⌫ 0 is a transport coefficient and (r,t) is a noise source ͑which models thermal fluctuations͒ satisfying 
and 0 Ϸ8.25. Clearly, the concept of quasi-equilibrium is meaningful for the metastable states satisfying the requirement: t M ӷt R . In the opposite case this concept becomes irrelevant. The boundary between these two domains is called a kinetic spinodal 9 and is defined by the condition
Using Eq. ͑26͒ it can be written as
The quantities b 2 and b 3 are expressed in terms of the derivatives of the free energy as given by Eq. ͑12͒ and hence can be calculated given the equation of state:
The parameter c 0 can be well approximated by
Hence, all parameters in Eq. ͑27͒ are temperature dependent material properties which can be determined from the equation of state pϭ p(,T). In particular from Eq. ͑28͒ it follows that b 2 is the inverse isothermal compressibility of the vapor at the metastable state.
IV. NUCLEATION BARRIER: A CROSSOVER MODEL
At low supersaturations, where the capillarity approximation holds, the CNT expression ͑6͒ accurately describes the nucleation barrier; at high supersaturations in the spinodal region the capillarity approximation fails and W is given by the field theoretical model ͑22͒. To obtain the nucleation barrier for the entire range of 0рр1 we propose a smooth interpolation between the two regions introducing a bridge function B():
which should be smooth and satisfy the boundary conditions,
Obviously, these constraints do not define B() in a unique way. We choose the simplest form B()ϭϪc b satisfying both boundary conditions. Then from Eq. ͑31͒,
with the yet unknown dimensionless parameter ϵc sp (T)/c b (T)Ͼ0. Let us consider the excess number of molecules in the critical cluster applying the nucleation theorem ͑7͒ to ͑32͒,
ͬ , 0рр1.
͑33͒
The qualitative behavior of ⌬n * () is shown in Fig. 2 . We distinguish two domains of the metastable states: the ''CNT domain'' and the ''spinodal domain.'' In the CNT domain ⌬n * is decreasing with the quench depth while in the spinodal domain ⌬n * () is increasing tending to infinity as the thermodynamic spinodal is approached. At some it reaches the minimum ⌬n * . It is plausible to assume that the CNT-dominated regime covers the range of quench depths up to and at the spinodal-dominated behavior takes over.
We associate the crossover between these two domains with the kinetic spinodal. This ansatz stems from the argument that the kinetic spinodal is the physical limit of applicability of quasiequilibrium approach on which the CNT is based. These considerations lead to the set of equations:
.
͑36͒
Substituting it into Eq. ͑35͒ we obtain the crossover equation determining :
The crossover is expected to be close to the thermodynamic spinodal ͓later we verify this assumption analyzing the solution of Eq. ͑37͔͒. It is then plausible to expand b 2 and b 3 in density in the vicinity of the spinodal keeping the linear order terms. For b 2 we have
͓the constant term vanishes since b 2 ( sp v )ϭ0]. From Eqs. ͑29͒ and ͑38͒
Both b 2 and b 3 have the dimensionality of pressure, therefore it is convenient to rewrite them using the reduced variables *ϭ v / c , T*ϭT/T c , p*ϭp v /p c ͑the subscript c refers to the critical point͒:
where ⌽ 2 ͑ *,T*͒ϭ͑ sp *Ϫ*͒, ⌽ 3 ͑ *,T*͒ϭ 
Ͼ0. ͑42͒
Substitution of Eqs. ͑40͒ and ͑41͒ into Eq. ͑37͒ yields the crossover equation in the form, Having solved it for one can estimate the excess number of molecules in the critical cluster at the crossover. From Eqs. ͑33͒ and ͑36͒ we find
͑45͒
Finally, the barrier scaling function ͑1͒ reads
where is given by Eq. ͑36͒ with being a solution of the crossover equation ͑43͒. We stress that ⌫ parametrically depends on temperature through . The behavior of ⌫͑͒ for various values of is shown in Fig. 3 . If Ͻ1: ⌫Ͻ1 for all values of supersaturation implying that the nucleation rate J exceeds the rate J cl predicted by the CNT. In the opposite case of Ͼ1, the function ⌫ exceeds unity at some range of supersaturations corresponding to 0рр * , beyond which it becomes less than unity. In Fig. 3 we also show Kashchiev's universal function which is close ͑though not identical͒ to our result when Ϸ0.2. Note that according to Eq. ͑47͒ the nucleation rate predicted by the model 2 exceeds the classical one for all temperatures and all supersaturations.
V. RESULTS AND DISCUSSION
We apply the present theory to argon. Empirical correlations for its bulk properties are given in Ref. 27 For the plain interface surface tension we use the general correlation for nonpolar substances. 27 To a good approximation argon can be considered a van der Waals fluid. From the van der Waals equation of state we derive the vapor density at the supersaturated state v (p v ,T) and the vapor part of the thermodynamic spinodal ͑see the Appendix͒. Figure 4 shows the model parameters S sp , ⌬n * , for the temperature range 0.3ϽT/T c Ͻ0.8. The solution of the crossover equation, shown on the right y axis, is close to unity an agreement with the assumptions resulted in Eqs. ͑38͒ and ͑39͒. The minimum excess number of molecules in the critical cluster ⌬n * ͑at-tained at the crossover͒ increases with temperature. The parameter also increases with T; the value ϭ1, at which the qualitative change in the behavior of the barrier scaling function occurs, corresponds for argon to T/T c Ϸ0.39. A general conclusion is that the temperature rise shifts the boundary between the CNT domain and the spinodal domain in the direction of the former.
In experiment one measures directly the nucleation rate J as a function of temperature and supersaturation ͑see Ref. 28͒, hence it is convenient to relate ⌫ to J. Assuming following 12 that the kinetic prefactor K is well approximated by the CNT we find from Eq. ͑4͒ 
͑48͒
It is instructive to study this ratio at a fixed value of J cl . With this in mind we choose the quench depth ϭ 1 correspond- ͬ . Figure 5 shows the ratio J(T; 1 )/J cl (T; 1 ) for the same temperature interval as in Fig. 4 ͑solid line͒; the value of 1 is shown on the right y axis ͑dashed line͒. Thus, for argon the CNT underestimates the nucleation rate at lower temperatures for all supersaturations. At higher temperatures the CNT overestimates J for ͑relatively͒ small S and underestimates J for ͑relatively͒ high S. This result is an agreement with the density functional calculations of nucleation in Lennard-Jones fluids. 26 It is not clear whether this tendency remains true for more complex substances. This is a problem to be studied in future work.
͑49͒
At this stage comparison with experiment can be only qualitative since for the spinodal properties we used the simplest van der Waals equation of state. It would be desirable to verify the predictions of the theory for the substances for which the thermodynamic spinodal can be accurately estimated.
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APPENDIX: SUPERSATURATED VAPOR DENSITY AND THERMODYNAMIC SPINODAL FOR VAN DER WAALS FLUIDS
